We give an example of C k -integrable almost complex structure that does not admit a corresponding C k+1 -complex coordinate system.
The celebrated Newlander-Nirenberg theorem [3] states that given an integrable almost complex structure, then locally it is induced by some complex coordinate system.
Malgrange [2] proved the existence of such a complex coordinate chart when the almost complex structure is not smooth, and achieved the sharp Hölder regularity for this chart:
Theorem 1 (Sharp Newlander-Nirenberg). Let k ∈ Z + , 0 < α < 1, let M 2n be a C k+1,α -manifold endowed with a C k,α -almost complex structure J :
Our main theorem is to show that this is not true when α ∈ {0, 1}: Theorem 2. Let k, n ∈ Z + there is a C k -integrable almost complex structure J on R 2n , such that for any C 1 -complex coordinate chart w : U ⊂ R 2n → C n near 0 satisfying J ∂ ∂w j = i ∂ ∂w j for j = 1, . . . , n, then w / ∈ C k,1 .
For convenience we use the viewpoint of eigenbundle of J:
We began with the case n = 1. Note that a 1-dim structure is automatically integrable.
Proof of 1-dim case. Endow R 2 with standard complex coordinate system z = x + iy Fix k ≥ 1. Define an almost complex structure by setting its eigenbundle V 1 ≤ CT R 2 equals to the span of ∂ ∂z + a(x, y) ∂ ∂z , where a ∈ C k (R 2 ; C) has compact support that satisfies the following:
(v) a C 0 < δ 0 for some small enough δ 0 (take δ 0 = 10 −2 will be ok).
Here we take ∂ −1 z to be the conjugated Cauchy-Green operatorḠφ(z) :=
defined in the unit ball 2 , which is an right inverse of ∂ z and maps C m,β to C m+1,β , for all m ∈ Z ≥0 , 0 < β < 1. We can take, for example, supp a ⊂ (|z| ≤ 1 2 ), and in a neighborhood of z = 0,
For such a we also have that a(z) = O |z| k (− log |z|) − If w :Ũ ⊂ R 2 → C is a 1-dim C 1 -complex coordinate chart defined near 0 that represents V 1 , then
Note that w z (0) = 0 because (dz − adz)| 0 = dz| 0 ∈ Span dw| 0 . So by multiplying w z (0) −1 , we can assume w z (0) = 1 without loss of generality. Then f := log ∂ z w is a well-defined function in a smaller neighborhood U ⊂Ũ of 0, which solves
So the case n = 1 is done by the following proposition:
Proof. Suppose there is a neighborhood U and a solution f ∈ C k−1,1 (U ; C) to (2) . Apply Schauder estimate on (2) (See [5] Theorem 4.2, or [1] Chapter 6) with the assumption a ∈ C ∞ (U \{0}), we know f ∈ C ∞ (U \{0}; C).
Take χ ∈ C ∞ c (U, [0, 1]) such that χ ≡ 1 in a smaller neighborhood of 0. Denote g(z) := χ(z)f (z), h(z) =zg(z). So g, h are C k−1,1 -functions defined in R 2 that are also smooth away from 0. Now
By construction ∇χ = 0 in a neighborhood of 0, so χzf
Proof of 1-dim ⇒ n-dim. Consider the almost complex structure in R 2n using the dual of eigenbundle V ⊥ n , defined by the span of dz 1 − a(z 1 )dz 1 , dz 2 , . . . , dz n . In other words, V n is the "tensor" of V 1 with the standard structure of C n−1 (z 2 ,...,z n ) . By our assumption a ∈ C k . So V n is C k and is naturally integrable. If w = (w 1 , . . . , w n ) is a corresponding C k,1 -complex chart for V n near 0, then there is a 1 ≤ j 0 ≤ n such that dw j0 ≡ 0 (mod dz 2 , . . . , dz n ) near 0. In other words,
By restricting the focus to R 2 z 1 ≃ {z ∈ R 2n : z 2 = · · · = z n = 0}, w j0 (·, 0 n−1 ) is a complex coordinate chart defined near z 1 = 0 ∈ R 2 whose differential spans
Remark 4. The key to the proof is the non-surjectivity of ∂ z : C k → C k−1 , which we use to construct a function a(z) such that a(0) = 0, Singsupp a = {0}, and ∂ −1 z ∂za / ∈ C k .
Remark 5. For positive integer k, Malgrange's sharp estimate of Theorem 1 still holds for Zygmund spaces C k = B k ∞∞ , i.e. given J ∈ C k ⇒ ∃(w 1 , . . . , w n ) ∈ C k+1 , J ∂ ∂w j = i ∂ ∂w j . One can also see [4] for details. A reason why our proof does not give a counterexample for Zygmund spaces, is that there does exist a f ∈ C k defined in a neighborhood of 0 solving (2).
